Journal of Approximation Theory 100, 345-363 (1999) ®
Article ID jath.1999.3357, available online at http://www.idealibrary.com on "lE%l.

Asymptotic Behavior of Sobolev-Type Orthogonal
Polynomials on the Unit Circle*

Ana Foulqui¢ Moreno

Departamento de Matematica, Universidade de Aveiro,
Campus de Santiago, 3810, Aveiro, Portugal
E-mail: foulquie@mat.ua.pt

Francisco Marcellan

Departamento de Matematicas, Escuela Politécnica Superior, Universidad Carlos 111,
C. Butarque 15, 28911 Leganés-Madrid, Spain
E-mail: pacomarc@ing.uc3m.es

and

K. Pan

Department of Mathematics and Computer Science, Barry University,
Miami shores, Florida 33161, U.S.A.
E-mail: pan@Dominic.Barry.edu

Communicated by Guillermo Lopez Lagomasino

Received April 8, 1998; accepted in revised form January 15, 1999

We study the asymptotic behavior of the sequence of polynomials orthogonal
with respect to the discrete Sobolev inner product on the unit circle

o> =] 1) ST du(0)+ 112) gz,

27
0
where f(Z) = (f(21), s fD(21); s f(Zn)s s S(2,)), A is @ MxM positive
definite matrix or a positive semidefinite diagonal block matrix,
M=+ ---+1,+m, du belongs to a certain class of measures, and |z;|>1,
i=1,2,..,m © 1999 Academic Press

* The work of the two first authors was supported by Direccion General de Ensefianza
Superior (DGES) of Spain under Grant PB 96-0120-C03-01 and INTAS Project 93-0219 Ext,
and the first author also thanks the Centro de Matematica da Universidade de Aveiro
(CMUA) for their support.

345

0021-9045/99 $30.00
Copyright © 1999 by Academic Press
All rights of reproduction in any form reserved.



346 FOULQUIE MORENO, MARCELLAN, AND PAN

1. INTRODUCTION AND STATEMENTS OF RESULT

In the past few years, there has been a growing interest in the study of
nonstandard inner products and the properties of the orthogonal polyno-
mials which they generate. Among these, Sobolev-type inner products and
the corresponding Sobolev-type orthogonal polynomials are of particular
interest. As in the classical theory of orthogonal polynomials, the
asymptotic behavior of sequences of Sobolev-type orthogonal polynomials
plays a central role in questions related to their application in approxima-
tion processes, in particular, in Fourier expansions.

This paper is devoted to the study of the asymptotic properties of the so-
called discrete Sobolev-type orthogonal polynomials on the unit circle.

Let 4 be a probability measure whose support consists of an infinite set
of points contained in [0, 2%]. Let {®,},50, ®.(2) =k,z"+ lower degree
terms, k, >0, be the sequence of orthonormal polynomials with respect to
u In all that follows we assume that lim,, _, ., ¢,(0)/k,,=0, and denote this
by ue A" (u belongs to Nevai’s class of measures). A well-known result of
Rakhmanov [10] states that if 4'>0 a.e. on [0, 2xn] then we./". Along
with the sequence of orthonormal polynomials {¢,},~,, we consider the
sequence {@¥}, -, of the reversed polynomials, which as usual are defined

by ¢.5(z) =z"p,(1/2).

DerFINITION 1. Let u be a probability measure with an infinite subset of
the interval [0, 27 ] as its support. A discrete Sobolev inner product on the
unit circle is given by

2n
0

S & =J f(e") g(e”) du(0) + f(Z) Ag(Z)", (1)

where f(Z)=(f(z1); wr [D21), s f(Z)s r f(2,,)), A is an M x M
positive semi-definite matrix, M =1, + --- +1,+m, |z;|>1, i=1,2,..,m
and g(Z)# denotes the conjugate transpose of the vector g(Z).

Since A is positive semi-definite, the inner product (., - > is positive
definite. Therefore, there exists a sequence {¥,} =0, V,.(z) =7,z"+ lower
degree terms, y,>0, which is orthonormal with respect to (1). We are
interested in the asymptotic behavior of the sequence of ratios {{,,/@,} . o>
commonly called relative asymptotics of i, with respect to ¢,. We will
show that if ue. 4/ and A4 is positive definite, then there is relative
asymptotics (see (2) below). Since for pe. /" the sequence {@,},>o is
known to have ratio asymptotics, one immediately derives ratio
asymptotics for the sequence {V,},=o (see (4)) as well as other types of
asymptotic relations (see (5)).
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Similar results have been obtained for the case when the measure u is
supported on a interval of the real line. We wish to refer to several papers
in this setting from which we have borrowed some ideas. In [8], a very
simple case of Sobolev orthogonal polynomials on the real line is con-
sidered in which the discrete part has one point and only the first derivative
appears. This paper contains a very nice algebraic technique which we have
adapted for our purpose. The results of [ 8] were substantially improved in
[6], the results of which are comparable in generality with the ones
exhibited in this paper for the case of the unit circle. Our paper combines
ideas from [6] and [ 8] but remains closer to [ 8] in the sense that greater
emphasis is placed in the use of the kernel function in order to derive
appropriate algebraic relations to deal with the connection between the
polynomials ,, and the ¢,. The analogue of some determinantal expres-
sions which appear in [1] have also been very useful for us.

Discrete Sobolev-type orthogonal polynomials on the unit circle have
also been studied before. In [2], the case when m=1, [, =1, |z,|=1; and
e N was treated. In [ 5], the authors consider m different points but only
first derivative in the discrete part.

In the following the symbol = means uniform convergence on compact
subsets of the indicated region. We prove:

THEOREM 1. Consider an inner product of type (1) such that pe N and
the matrix A is positive definite. It holds

Yiz) o Tlz—z) \
¢?&Y9£L|%Hﬁ}4) . 7> k=0,1,.., (2)
Vu(z)
30,  |zl<l,

?,(z)

k m
1m1;1—11|aﬁ+1 (3)
"o e =1

An immediate consequence of Theorem 1 is

COROLLARY 1. On the region {ze€C: |z| > 1}\{z;} 7, we have

j=1
(k)
Wn+1(2):,)z’ (4)

Yi(z)

‘M.kﬂ)(z)—»l (5)

b b
np(z) 7z

for k=0, 1, ...
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Remark. Notice that (3) follows from (2) if we make z — oo, but in the
proof of Theorem 1 we deduce first (3), and then we use this information
to get (2).

2. NOTATION AND BASIC TOOLS ABOUT
ASYMPTOTIC PROPERTIES

Following the notation introduced in definition 1, if
Z=(Z1y s Z1y s Zypsevs Zip)
——
L+1 l,+1

then

SL)=(f(z0), [1(z0)s e SN2, s f(20)s [ (Z)s s [(20))

Let 1 be a probability measure whose support contains infinitely many
points of the interval [0, 2z] as its support. Assume that ue ./ and let
{@u}n=0> ©u(z)=k,z"+1ower degree terms, k,>0, be the sequence of
orthonormal polynomials with respect to this measure. Let

n—1
K(z.m) =) ¢u2) ¢iln)
k=0
be the kernel polynomials associated to u. Then
PR n_ l . rarresa—
Kz =, @(2) o ().

k=0

It is very well known (cf. [10]) that

(p;+(lz()z):,’z, |z| > 1,

and using the same technique as in the proof of Lemma 1 below, we get

*) (5
(i;i)l((z))jzs lz|>1, k=0,1,.., (6)
(k+1)
e, (z) 1
Wj? lz| >1, k=0,1,.. (7)
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We also point out the following result that can be found in [9] Theorem 4,

*
222 o s, (8)
®u(2)
or equivalently
®alz)
j(z)_>0, |z| < 1. 9)

Now, we include some auxiliary results.
Lemma 1. If ue N then

K@Dz, 1
ALV 21> 1 i =01,

_ — Py

PP(z) (&) zE—1

Proof. First, from (7), we have

(9)
®,(2)
(p(p)(z):’,O, lz| >1, p>q=0. (10)
We claim that
@ 9(z)
s 30 =L pzgz0 (1)

By using (6), we only need to prove

ga*(l’)(z)
PP(z)

=0, |z > 1. (12)

For p=1, we have (8). We proceed by induction; let us assume that (12)
holds for p =k and let us prove that (12) also holds for p =k + 1. In fact,
since

Pr“IE) _ o) <<p;“""(z)>’ ZAE]
)

Pz oF )\ ePz) ) 9Pz)

using (6) and (10), we deduce that for p =k + 1 the result is also true.
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Next, notice that for s, 1 =0, 1, ...,

o' 6S<¢f&)¢§hﬁ-—¢$2)¢xw0>

ow' 0z* 1 —wz

K&9(z, w) =

- Z z <r><;> {0*D(2) 9* () — pD(2) 9D ()}

I=0r=0

y at—r as—l 1
ow' =T ozl —wz’

Thus the lemma follows from (10), (11), and (13). |

COROLLARY 2. If pe N then
K(’ J)(Z f)

Pi7(2) 90()
for p=i, q>jorp>i, q=j>0.

30, [z [€1>1

LEMMA 2. If ue N then
Kz, 8)
px(2) 9P

Proof. This result easily follows from (9) and (13). ||

Lemma 3. If ue A", we have

1 .
mjo, |Z|>1, lZO, 1,

Proof. Tt is a straightforward consequence of (6). ||

30, Izl <1, |&l>1, j=0,1,...

(13)

LEMMA 4. Let Q be an M x M nonsingular matrix, and u, x two

M-column vectors. The following identity holds:

det[ Q —ux"]

_wTo—1, _
1—x"0"'u det 0

Proof. We consider the matrix identities
Q u I _Q_1“>:<Q Oprx1
xT 1 )\0y . as 1 xT 1—-xTQ!

Iy —u><Q ”>_ O —ux" 0y,
O01xar 1 J\xT 1) U xT 1
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where 0,,,.,, denotes the zero matrix of order nxm. Now taking deter-

minants in both expressions we get the result. ||

Let K, be the M x M matrix

K,(zy,2)

Kn(zl ’ Zm)

Kizo, ]m)(zl 5 Zm) e

Kio’l)(zlazl)

KS)JI)(ZUZI)

Ki,()’ ])(219 Zrn)

: KLII'O)(ZUZl)
Kff"”(zl,zl)

KUz, 2,) -

Kz 2

1,
Kizl l)(zlazm)

Kil]l’ Im)(zl, Zm) cee

Kn(zm’ Zl)

K>z, zy) -

Kn(st Zm)

K(O, 1)(Zm7 Zi") e

n

K£10, ]”’)(Zm, Zm) e

- Ky 0z, 21)

K(nlm» l)(Zma Zl)

- Kz, 2y)

KU Oz, 2

m» m

KL[W l)(zma Zm)

K}(”Ilm’ l’ll)(Zm b Zm)

(14)

blocks. The r,s block 1is the

This matrix can be described by
(I,+1)x(/;+ 1) matrix

=0, .1

s

(KLJ, i)(zsb Z))O:O, e ]’_ )
where r, s=1, ..., m.

THEOREM 2. The matrix K, is positive definite for n>M when z, # z,,

iLhj=1,..m

Proof. Let us consider the matrix

Po(z1)  @ai(z)) ®n1(21)
Po(z1)  @i(z) @ 1(z1)
p(z) @Mz - el (2)
G . . .
Pozm)  @i(z) Pu(z)
Po(zm)  i(z) @n1(Z)

(pfjm—)l(zm)
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Notice that
K,=GG".
Using this factorization of the matrix K, if we denote by x a row vector
of size M, it holds
XGG'xT=xG(xG)T = 0.

So, in order to prove that £, is a positive definite matrix it is sufficient to
prove that the matrix G is non-singular. This follows from the fact that G
is the matrix of a Hermite interpolation problem (expressed in the basis

{o) 1
Remark. We point out that in the proof above we have not used the

orthogonality property of the sequence of polynomials {¢,},~ . In fact, we
have only used that Vn >0, deg ¢, =n.

Let us consider the following function g(z, w)=1/(zw —1). We denote

i+j
(i, J) -
g / (Za W) T aZ,‘ aWj g(Z, W)'
Let F,, be the M x M matrix
gz, z0) - gz Z) o gz Z) e gz, T

gz, 7)o g Nz 7)) - g Dz 2 e g Dz, )

g(OJI)(Zla a) g([h[])(zl’ Z) g(oyll)(zm’ Z) g(lmﬂll)(zma Z)

g(zlafm) "'g(ll,O)(Zlaa)"' g(Zm’ Z) "'g([m’())(zma Z)

O 0(zy,2,) g (2, Z,) - % 2, 2) - g Dz 2

(0, /,

g0z E) gz ) g (2 ) g (2, )

(15)

This matrix can be described by blocks. The r, s block is an (/,, 1) x (/,+ 1)
matrix

(8 (2 ZZ0 0

r

where r, s=1, ..., m.



SOBOLEV ORTHOGONAL POLYNOMIALS 353

THEOREM 3. The matrix F,, defined in (15) is non-singular.

Proof. Let us suppose that |F,,| =0. In this case the linear dependence
of the rows of the matrix F,, is equivalent to the existence of c; eC,
i=1,..,m, j=0,.., 1, such that the function

I 1,
Z gONZ)+ o+ Y e85 Z,) £0

Jj=0

has at each z; a zero of degree at least /;+ 1. Thus, it has at least M zeros,
taking account of multiplicity. But it is immediate to check that

where P is a polynomial of degree at most M —1 and Q is a polynomial
of degree M. This leads us to a contradiction. ||

3. PROOF OF THEOREM 1

First we deduce some algebraic expressions. Expanding i, in terms of
{¢;} ;0. We have

n—1

wn(z)zigﬂn(z)ﬁ_ z ak,n(pk(z)a (16)

n k=0

where

2n L —
Ghn =] 0 97 du(0)
=~y (Z) Ap ()7 for k=0,1,..,n—1.

Substituting this expression in (16), we obtain

n—1
VD) =12 0 () =Y Z) A Y. 9 Z)" 9y(2)
k k=0
=1 0,(2) = U(Z) AK (2. Z)", (17)
where
K,(z,Z)=(K,(z, z;), .y K;O’ ll)(z, Z1)y ey K(Z, Z,0), ees K;O’ Im)(z, Zm))-
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Now, we take consecutive derivatives and we substitute z=z,, .., z=2z,, in
order to eliminate y,(Z). From this last expression it follows that

)=t

A P(z) —WlZ) AK(z,, 2)T

fori=1,...m, s=0,1, .. /[,. So, we get

Vil Z)="" 0, (Z) =Y, (Z) AK,, (18)
where [K,, denotes the M x M matrix defined in (14). From (18), we get

VD) Ly + AWK, ] =" 0,(2)

n

where I,, denotes the M x M identity matrix. From Theorem 2, K, is a
positive definite matrix; therefore,

L+ AK,=[K '+ 4] K,.

Now, if we take into account that both K, ! and A are positive definite

matrices, then I, '+ A4 is a positive definite matrix. Thus
I+ AK,

is a non-singular matrix because it is the product of two non singular
matrices. Therefore, we can write

lpn(Z) (pn(Z)[lM—i_AKn]il

_In
Ky

Let us substitute this expression in (17), multiply it by k,/y,, and divide by
¢,(z). Thus we obtain
K, (z, Z)"

K lMZ):1—</),,(Z)[1M+AK,,]—IAL. (19)
Tn PulZ) @n(z)

On the other hand, we also have

s 00> = [ 0e) 5 du0)+,(Z) A0, 2)",

k
=4 (Z) Ap,(Z)".
n k
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Multiplying by k,/y, and substituting v, (Z), we have

kN> k, B
(y) =14 0D Lyt A1 Ap,(2)" (20)

Using Lemma 4, we can express (19) as a ratio of determinants

Kz, Z)T
det{[ +AK,—A—"—"—¢,(Z)
N B oz) " o)
Doing the same with (20), we obtain
V) det[ I, + 4K, ]
<kn>2=det[IM+AKn+1] (22)
Vi det[1,,+AK,]

Formulas (21) and (22) are used in order to obtain the asymptotic
behavior of k,/y, and ¥ ,(z)/p,(z) for |z| > 1.
By assumption 4 is a positive definite matrix. We can express (22) as

<kn>2_det[A1+K,,+1]
y,)  det[47'+K,]

Now, we will find the asymptotic behavior of k,,/y,,:

<k,,>2: lim det[A7 '+ K, 1]
Vi nooo det[4 '+ 1K,]

lim

n— oo

If we introduce the diagonal matrix

A — diag ( 1 1 1 1 1 1 >
" ou(z1)” @uz) T ez T 0z Puzm) T @z,

we have

k 2
lim <">
n—o \V,

= lim det[An+1A_1An+l+An+lKn+1An+1] det[TnAn]
noe det[TnAilAn +TnKnAn] det[An+1An+l]
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The matrix 4,[K,4, can be described by blocks. The r, s block is an
(I, +1)x(/;+1) matrix

( K9z, 2,) >f-°’-<-”s

(ﬂ;j)(Zs) (ps)(zr) i=0,..1

where r, s =1, ..., m. Using Lemma 1 and Lemma 3, we conclude that

lim det[/1n+1"471/1n+1 +An+lKn+1An+l] :05

n— oo

and we need to compute a limit of the form 0/0, which is undetermined. In
[3], we find a similar situation for a system of equations. We adapt here
some ideas that appear in that work.

For all f, h differentiable functions and v=0, 1, 2, ... it holds

f(V) (GO v f(v k)
h(v) = Z W Z FV k h(v k) 5 (23)

k=1

where

v\ BhC =0 1\ ®
= () 0"
Notice that the coefficients F(v, k) do not depend on the function f. If we
take f'=h we get the relation

1+ Z F(v, k) =0. (24)
k=1

Now, in
det[An+1A71An+1 + Ay K1 A
add to the Zj,;ll ([,+1)+ 14k row, for 1 <k</;and 1<s<m, a linear
combination of the preceding k —1 rows with the coefficients defined by
(23) with
h(z) =@, 1(2)

and z =z, then multiply the resulting row by

h(k)(z)
h(z)
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evaluated at z=2z,. We also carry out this kind of elementary operations
by rows with

det[ 4,474, +4,K,4,],

where in this case

h(z) = 9,(2).
On doing these elementary operations by rows we find that

det[An+1A71An+1 +An+1 Kn+1An+l]
det[ 4,474, + 4,K,4,]

Vi G)( 5.

(111 22 datB,, 4 1,000

_j:l s=1 n\<j

T oom 0@ (z) ) (25)
[T 11 == ) detLB, + H,]

j=1 s=1 (pn+l Zj

Here B, is a matrix which can be described by blocks. The r, s block is the
(l,+1)x(/;+ 1) matrix

b7 i b%s, @Dz W\I=0
({ CA Y Fli k) — 7]{’.] = } Pl r)> ,
0Pz 90(z,) i 9(z) ol 7 (z) ) Palz) Jimo s

T

where b7 7 are constants,
; (i—k) )
. i e, ) 1
Fz,k=<> W2,) = < > . 26
=) 25 0w gz (20)

Also H, is a matrix which can be described by blocks. The r, s block is the
(I,+1)x(/,+ 1) matrix
=0, .1
w—zr>i—0, s ’

T

(2 KOG w)
W' pD(z,) Po(w)

where r, s=1, ..., m. Notice that

07 0" K, (z,w)

n

o m _@ﬁ W) Jw=z
W pD(z,) 9 (W) =z, 9(z) ez,

for 1<r,s, <m,0<; </, and 0<i</,.
Before we can find the limit in (25) as » tends to infinity, we have to
carry out transformations similar to those above but by columns on the
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determinants det[B,,,+ H,, ] and det[B,+ H,]. We describe these
elementary operations on det[B,,;+ H,,,]. Those corresponding to
det[ B, + H, ] are the same with n + 1 substituted by n.

Let 1 <k </ and 1 <s<m. Add to the 337} (/,+ 1)+ 1 +k column of
det[B,,+ H,,:] a linear combination of the preceeding k — 1 columns
with the coefficients defined in (23) with

hz) = @,.1(2)
evaluated at z =z, and then multiply the resulting column by

hP(z)
h(z)

evaluated at z=z,.
After carrying out similar operations on det[ B, + H,, ], we find that

A
i ! n (Z)
]._.[ ]._.[ ¢ j det[Bn+1+Hn+1]

n TGy
IT 11 L(’)det[B +H,]

j=1 s=1 Pn+1\Z

0 1|2

_j=1s=1 gﬂn(zj) det[C,,H—i-RnH]
ﬁ ﬁ PW\(z) > detl[C,+R,] ’
=1 s=1 §0n+1( )

where C, is a block matrix. The r, s block is the (/,+1)x (/,+ 1) matrix
whose (i, j) entry for i=0, .., /, and j=0, .., /; is given by

() b”s i bs, . PRGIER
gﬂn ( S)|:|: F(,k) i—k, j :| n( r)

?alzs) LLopP(z,) 0P(z,) kzl l Pzy) 9T P(z,)] Palz))
# E | ot R e
- 7E) @) e oz, 0Pz,
L0z r)}
oz |

where

N 9y ) (1 \W
F(J,u)=<u> 2 »P(z,) <<pn(2s)> ’
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and F(i, k) is given by (26). Notice that the elements of the matrix C, are
o(1), and R, is a block matrix. The r, s block of R, is the (I, + 1) x (/,+1)

matrix
<6f 0’ K, (z,w) >f=°’"'”s
027 ow' | 9(2) (W) | 222 Jizo,.t

where r, s =1, ..., m. Taking into account Lemma I, we obtain

lim det[C,+R,]= lim det[o(1)+R,]=|F,,| #0,

n— oo

where F,, is the matrix defined in (15) and |F,,| denotes its determinant.
From this and using (6), we have

n— Vn 1,..,m
=0, 1,
m
lim == 1] |z
n—o Y, i=1

Using similar arguments, we can obtain the asymptotic behavior of
V,.(2)/®,(z). On account of (21) and (3) this reduces to finding the limit of

K,z Z)"
det{Al—HKn—"(Z’) 0, (Z)
®alz)
det[A ' +1K,]
_ _ Kz Z)7
det [A,,A—lAn YA, K, A, — 1, (Z()) 0.(Z) An}
a\Z

%
det[ 4,474, + 4,K,4,]
In

K,z Z)"

det [/L,A—IAﬁAnK,,An_A,,
Pul2)

%(Z)An}
add to the ;;11 ([,+1)+ 14k row, for 1 <k </ and 1<s<m, a linear

combination of the preceding k— 1 rows with the coefficients defined in
(23) with

h(z) :=,(2)

evaluated at z=z,, and multiply the resulting row by

h(k)(z)
h(z)
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evaluated at z = z,. The resulting determinant is transformed by columns in
similar form. The same transformations by rows and columns are made on
det[ 4,474, + 4,K,4,].

Taking into account (24), we find that

K(z2)"

u(Z) 4,
. o " 0u2) /)
n— oo d@t[AnA_lAn+AnKnAn] |Fm| ’

det| A, A4, + A4, K, A,— A,

where F,, is the matrix defined in (15) and f(z) is the determinant of a
block matrix whose r, s block is the (/,+1)x(/;+ 1) matrix whose first
column is equal to

g(Zs, Z) - g(Z, Z)

g0z, Z) — g V(2 Z)

g(O, lr)(Zsa Z) - g(O, lr)(Za Z)

and the rest of this matrix can be described as

L =2 L+
(g(l Lj 1)(ZS,Zr))i=1,~~’l:+1’

where r, s =1, ..., m. If we subtract to the Y7} (/,+ 1)+ 1 column of f(z)
its first column for i=2,..,m, we obtain that the dependence on the
variable z only appears in the first column of this determinant. From this,

if we define

m

p(z):=f(z) [] (zz; = 1)i*! (27)

Jj=1

it follows immediately that p is a polynomial in the variable z of degree at
most >, (/;+ 1). Furthermore,

[0 =0, 0<s<l, i=1,..m
This implies that
PO, =0, 0<s<l, i=1l..m

From this, we deduce that either p is the polynomial identically equal to
zero, or there exists a non-zero constant C e C such that
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Let us calculate p&i=1 i+ D)(z) using Leibniz’s formula on (27). If we take
into account the equality

m _ L1 (Z:n:l(li"'l)): m ‘ m
51y RUESI | e
J X

=1 Jj=1

i=

and that
n 7z, — 1)i+t g9z 77), i=1,.,m, s=0,..,1

is a polynomial in the variable z of degree >, (/;+ 1) —1 (therefore its
™ (l;+ 1) derivative is identically zero), it holds that p(z)&i=1 1) is
equal to

<z (1,.+1)>! [1Z4+ |, 0.
i=1 j=1

Therefore,

S0 =11 <Zf(z_zi)>li+l IF|.

o \(zz;—1)

From this, (3), and (21), we immediately deduce

) E(z—z) \
Jim o~ 1 <|z,~| (2%, — 1>> ’

which is the same as (2) for k =0. For arbitrary &, formula (2) follows by
induction on account of the identity

In fact, from (19), we have

Ky Unl2) _ pale) L Kf=2)T
y piz) iz P B AR A
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Using Lemma 4, we see that

det{] + AK K=t (Z)
ka Ui2) _oul2) LT T ke

Yu 0X(Z) @X(z) det[ I, + AK,]

Using the same kind of arguments as before and taking into account
Lemma 2, we can prove that

K, (22)"
®.x(2)
det[4 T+ K,]

det| A7+ K, — (pn(Z)}

=1, |zl<l.

From this the statement of Theorem 1 follows. |

Remark. We point out that the matrix F,, defined in (15) is not only a
non-singular but a positive definite matrix because we have obtained it as
a limit of positive definite matrices.

Remark. Taking into account that (22) is still true when A4 is positive
semidefinite, we can consider 4 to be a block diagonal matrix of the form

Al 011+1><lz+1 0ll+1><lm+1
A= 012+1'><11+1 42 012+1.xlm+1 ’ (28)
Olm+1><11+1 Olm+1><12+1 Am

where A4; is an (/;+ 1) x(/;+ 1) positive semidefinite matrix of rank »; for
i, j=1, .., m. In this case, we conjecture that

m

k
lim = =] |z"

n—o Y

n i=1
iz _ 7 < —2z;) >
= . lzZl>1, k=0,1,..,
P(2) ,1:11 |z;] (zz; — 1)
and
‘”;(2)30, Iz <1.
®x(2)

An immediate consequence would be

VL, )
VO T e

on the region {zeC: |z| > }\{z;} 7, for k=0, 1,.

j=1>
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